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We study the Hawking radiation with the dynamical horizon in the K-essence Vaidya geometry.
By considering the K-essence action to be of the Dirac-Born-Infeld variety, the physical spacetime
to be a general static spherically symmetric black hole, and by restricting the K-essence scalar
field to be a function solely of the advanced or the retarded time, Manna et. al. have established
the connection between the K-essence emergent gravity scenario and generalizations of Vaidya
spacetime. Based on modified definition of the dynamical horizon by Sawayama, we investigate
the Hawking effect in the K-essence Vaidya Schwarzschild spacetime. Especially, we investigate
the Hawking Radiation in the two ways, by using the dynamical horizon equation and using the
tunneling formalism. The results are different from the usual Vaidya spacetime geometry.
PACS numbers: 04.20.-q; 04.20.Jb; 04.70.-s
I. INTRODUCTION
It is believed that a black hole is formed by the collapse
of matter and it radiates the thermal radiation whose
temperature is proportional to the surface gravity [1–10].
In [1], it is assumed that the spacetime is to be static or
stationary for calculating Hawking Radiation. This as-
sumption will be valid only when the radiated energy is
so small compared to the mass energy of the black hole.
When the radiation becomes sufficiently large, it can be
modified via Einstein equation. In this context, Vaidya
[11, 12] has solved nonstatic solution of the Einstein’s
field equations for spheres of fluids radiating energy. The
nonstatic analogs of Schwarzschild’s interior solution in
General Relativity (GR) has been established in [13, 14]
and the problem of gravitational collapse with radiation
has been solved in [15]. The solution has satisfied the
physical feature of allowing a positive definite value of
the density of collapsing matter, and it gives the total
luminosity of the object as observed by a stationary ob-
server at infinity to be zero when the collapsing object
approaches to the Schwarzschilds singularity. So, we can
say that the Vaidya spacetime [11–15] is a non-stationary
Schwarzschild spacetime. Husain [16] and Wang et. al.
[17] have developed the generalizations of Vaidya space-
time corresponding to the gravitational collapse of a null
fluid. Recently, Manna et. al. [18, 19] have established
the K-essence generalizations of Vaidya spacetime where
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time dependence of the metric comes from the kinetic en-
ergy (φ2v) of the K-essence scalar field (φ). The Hawking
radiation [1–10] has been discussed in [20–24] using tun-
neling mechanism. Also, it was developed by the method
of complex path analysis which is used to describe tun-
nelling processes in semiclassical quantum mechanics in
[25, 26]. Kerner and Mann [27] have established, in gen-
eral, that the Hawking temperature is independent of
the angular part of the spacetime. In [28–31], they have
discussed the Hawking radiation of Vaidya or Vaidya-
Bonner spacetime.
The K-essence theory [32–38] is a scalar field theory
where the kinetic energy of the field dominates over the
potential energy of the field. The differences between the
relativistic field theories with canonical kinetic terms and
the K-essence theory with non-canonical kinetic terms
are that the non-trivial dynamical solutions of the K-
essence equation of motion, which not only spontaneously
break Lorentz invariance but also change the metric for
the perturbations around these solutions. Thus the per-
turbations propagate in the so called emergent or ana-
logue curved spacetime with the metric. Based on the
Dirac-Born-Infeld (DBI) model [39–41], Manna et. al.
[42–45] have developed the simplest form of K-essence
emergent gravity metric G¯µν which is not conformally
equivalent to the usual gravitational metric gµν . The
theoretical form in the K-essence field, the lagrangian
is non-canonical and it does not depend explicitly on
the field itself. The general form of the Lagrangian
for the K-essence model is: L = −V (φ)F (X) where
X = 12g
µν∇µφ∇νφ.
Ashtekar and Krishnan have considered the dynami-
cal horizons in their paper [46–51], and derived a new
equation that describe how the dynamical horizon radius
2changes. The definition of dynamical horizon is as fol-
lows: Dynamical Horizon: A smooth, three-dimensional,
space-like submanifold H in a space-timeM is said to be
a dynamical horizon if it can be foliated by a family of
closed 2−surfaces such that, on each leaf S, the expan-
sion Θ(l) of one null normal l
a vanishes and the expan-
sion Θ(n) of the other null normal n
a is strictly negative.
Also, this definition can be modified as [52]: A smooth,
three-dimensional, spacelike or timelike submanifold H
in a space-time is said to be a dynamical horizon if it
is foliated by a preferred family of 2-spheres such that,
on each leaf S, the expansion Θ(l) of a null normal l
a
vanishes and the expansion Θ(n) of the other null normal
na is strictly negative. Following [48], in the concept of
world tubes, if the marginally trapped tubes (MTT) is
spacelike,it is called a dynamical horizon (DH). Under
some conditions, it provides a quasi-local representation
of an evolving black hole. If it is null, it describes a
quasi-local description of a black hole in equilibrium and
is called an isolated horizon (IH). If the MTT is timelike,
causal curves can transverse it in both inward and out-
ward directions, where it does not represent the surface
of a black hole in any useful sense, it is called a timelike
membrane (TLM).
In this work, we have studied the Hawking radiation
with the dynamical horizon in the K-essence emergent
Vaidya spacetime based on Sawayama [52] by consid-
ering dynamical horizon equation [46–49] and tunneling
formalism [20–26, 28, 29, 42–44] .
The paper is organized as follows: In section 2, we
briefly discuss the K-essence emergent geometry and cor-
responding K-essence Vaidya spacetime. We describe
the dynamical horizons considering Schwarzschild black
hole as a background for the K-essence emergent Vaidya
spacetime in section 3. In the next section, we have
discussed in detail the dynamical horizon equation for
the K-essence Vaidya Schwarzschild spacetime. Also,
we have discussed the corresponding Hawking radiation
using dynamical horizon equation and tunneling mecha-
nism. The Last section is our discussion.
II. BRIEF REVIEW OF K-ESSENCE AND
K-ESSENCE-VAIDYA GEOMETRY
The K-essence scalar field φ minimally coupled to the
background gravitational metric gµν has action [32]-[36]
Sk[φ, gµν ] =
∫
d4x
√−gL(X,φ) (1)
where X = 12g
µν∇µφ∇νφ and the energy-momentum
tensor is
Tµν ≡ 2√−g
δSk
δgµν
= LX∇µφ∇νφ− gµνL (2)
LX =
dL
dX , LXX =
d2L
dX2 , Lφ =
dL
dφ and ∇µ is the covari-
ant derivative defined with respect to the gravitational
metric gµν . The scalar field equation of motion is
− 1√−g
δSk
δφ
= G˜µν∇µ∇νφ+ 2XLXφ − Lφ = 0 (3)
where
G˜µν ≡ LXgµν + LXX∇µφ∇νφ (4)
and 1 + 2XLXXLX > 0.
Using the conformal transformations Gµν ≡ csL2
x
G˜µν
and G¯µν ≡ csLXGµν , with c2s(X,φ) ≡ (1 + 2X
LXX
LX
)−1 we
have [42–44]
G¯µν = gµν − LXX
LX + 2XLXX
∇µφ∇νφ (5)
Here one must always have LX 6= 0 for c2s to be pos-
itive definite and only then equations (1) − (4) will be
physically meaningful.
If L is not an explicit function of φ then the equation
of motion (3) reduces to;
− 1√−g
δSk
δφ
= G¯µν∇µ∇νφ = 0 (6)
Note that for non-trivial spacetime configurations of φ,
the emergent metric Gµν is, in general, not conformally
equivalent to gµν . So φ has properties different from
canonical scalar fields, with the local causal structure
also different from those defined with gµν . We consider
the DBI type Lagrangian as [39–44],
L(X,φ) = 1− V (φ)
√
1− 2X (7)
for V (φ) = V = constant and kinetic energy of φ >>
V i.e.(φ˙)2 >> V . This is a typical for theK-essence fields
where the kinetic energy dominates over the potential
energy. Then c2s(X,φ) = 1−2X . For scalar fields ∇µφ =
∂µφ. Thus (5) becomes
G¯µν = gµν − ∂µφ∂νφ (8)
The corresponding geodesic equation for theK-essence
theory in terms of the new Christoffel connections Γ¯ is
[42–44]
d2xα
dλ2
+ Γ¯αµν
dxµ
dλ
dxν
dλ
= 0 (9)
where λ is an affine parameter and
Γ¯αµν = Γ
α
µν +
(
1− 2X
)−1/2
G¯αγ
[
G¯µγ∂ν
(
1− 2X
)1/2
+ G¯νγ∂µ
(
1− 2X
)1/2
− G¯µν∂γ
(
1− 2X
)1/2]
= Γαµν −
1
2(1− 2X)
[
δαµ∂νX + δ
α
µ∂νX
]
. (10)
3A. K-essence-Vaidya Geometry
Considering a general spherically symmetric static
(black hole) Eddington-Finkelstein line element [18]
ds2 = f(r)dv2 − 2ǫdvdr − r2dΩ2 (11)
where dΩ2 = dθ2+ sin2θdΦ2. When ǫ = +1, the null co-
ordinate v represents the Eddington advanced time (out-
going), while when ǫ = −1, it represents the Eddington
retarded time (incoming).
From (8) the emergent spacetime is described by the
line element
dS2 = ds2 − ∂µφ∂νφdxµdxν . (12)
Considering the scalar field φ(x) = φ(v), so that the
emergent spacetime line element is
dS2 =
[
f(r)− φ2v
]
dv2 − 2ǫdvdr − r2dΩ2 (13)
where φv =
∂φ
∂v . Notice that this assumption on φ ac-
tually violates local Lorentz invariance, since in gen-
eral, spherical symmetry would only require that φ(x) =
φ(v, r). But in the K-essence theory, the dynamical solu-
tions are spontaneously break Lorentz invariance. So, in
this context, our choice of form of the K-essence scalar
field is physically permissible.
Now comparing the emergent spacetime (13) with the
metric [16, 17] of the generalized Vaidya spacetimes cor-
responding to gravitational collapse of a null fluid (take
ǫ = +1)
dS2V =
(
1− 2m(v, r)
r
)
dv2 − 2dvdr − r2dΩ2 (14)
where the mass function is
m(v.r) =
1
2
r
[
1 + φ2v − f(r)
]
. (15)
These forms (13) or (14) of metrics are satisfying all the
required energy conditions [53] (weak, strong, dominant)
for generalizations of the K-essence emergent spacetime
with the Vaidya spacetime provided φvφvv > 0 ; 1+φ
2
v >
f+rfr ; 2fr+rfrr > 0 which have established by Manna
et. al. [18].
III. DYNAMICAL HORIZONS
Following Ashtekar and Krishnan [47] and Sawayama
[52], we can discuss behavior of the dynamical horizon
of the K-essence emergent Vaidya spacetime. The gen-
eralized Vaidya spacetime (13) or (14) in the presence
of kinetic energy of the K-essence scalar field φ2v can be
written as
dS2 = F (v, r)dv2 − 2dvdr − r2dΩ2 (16)
where va is a null vector. Following Sawayama [52], we
can define
a =
dr
dr∗
(17)
where r∗ is tortoise coordinate defined as v = t + r∗.
There are two null vectors,
la =


lt
lr
∗
lθ
lΦ

 =


a−1
−a−1
0
0

 (18)
corresponding to the null vector va , and the other is
na =


nt
nr
∗
nθ
nΦ

 =


a−1
F
F−2aa
−1
0
0

 . (19)
The expansions Θ(l) and Θ(n) of the two null vectors l
a
and na are [52]
Θ(l) =
1
r
(2F − a) (20)
and
Θ(n) =
1
ar
(−2F 2 + aF − 2a2
−F + 2a
)
. (21)
We can see that as Θ(l) = 0 ⇒ 2F − a = 0, and the
other null expansion Θ(n) is strictly negative which are
the required conditions for the dynamical horizon [46, 47,
52]. So the horizons of our case are dynamical. Note
that, based on Ashtekar et. al. [46–50], Manna et. al.
[18] also have established the possibility of the dynamical
horizon for the K-essence emergent Vaidya spacetime.
A. Schwarzschild black hole as background:
In this case f(r) = 1− 2Mr , then (16) become
dS2 =
(
1− 2M
r
− φ2v
)
dv2 − 2dvdr − r2dΩ2 (22)
with
F =
(
1− 2M
r
− φ2v
)
≡
(
1− 2m(v, r)
r
)
(23)
and the mass function become
m(v, r) = M +
r
2
φ2v. (24)
where the tortoise coordinate
r∗ =
1
N
[
r +B ln(r −B)
]
(25)
where N ≡ N(v) = (1 − φ2v), B = 2M ′(v) = 2MN with
M ′(v) = M1−φ2
v
. Note that in the above spacetime (22)
4always φ2v < 1. If φ
2
v > 1, the signature of this space-
time will be ill-defined. Also the condition φ2v 6= 0 holds
good instead of φ2v = 0, which leads to non-applicability
of the K-essence theory. Now differentiating the above
equation (25) with respect to r∗ we get
a = F
[
1− 1
N
(dB
dv
ln(r −B)− B
r −B
dB
dv
)
+
1
N2
(
r +B ln(r −B)dN
dv
)]
(26)
Now we solve Θ(l) = 0, to determine the dynamical hori-
zon radius as
2F − a = 2F − F
[
1− 1
N
(dB
dv
ln(r −B)− B
r −B
dB
dv
)
+
1
N2
(
r +B ln(r −B)dN
dv
)]
= 0 (27)
From the above equation we have two solutions at r = rD
one is F = 0 i.e.,
rD = 2M
′(v) =
2M
1− φ2v
(28)
and another is
1 +
d
dv
[B
N
ln(rD −B)
]
− rD
N2
dN
dv
= 0
⇒ (rD −B)BerD = e−vN . (29)
The value of rD can be written in terms of the Wright ω
function [55] as
rD = B
[
1 + ω(Z)
]
=
2M
N
[
1 + ω(Z)
]
(30)
with Z = −[1 + ln(B) + vC], C = N22M =
(1−φ2
v
)2
2M . The
Wright ω function is a single-valued function, defined in
terms of the multivalued Lambert W function [56] as
ω(Z) = WK(Z)(e
Z) where K(Z)(= [ (Im(Z)−pi)2pi ]) is the un-
winding number of Z. The sign of this unwinding number
is such that ln(eZ) = Z + 2πiK(Z) which is opposite to
the sign used in [57]. The algebraic properties [55] of the
Wright ω function are
dω
dZ
=
ω
1 + ω
(31)
∫
ωndZ =
{ ωn+1 − 1
n+ 1
+
ωn
n
if n 6= −1
ln ω − 1
ω
if n = −1
(32)
with the analytic property Z = ω + ln ω.
Here mention that if we consider the usual Vaidya
spacetime withoutK-essence scalar field φ i.e., m(v, r) ≡
M(v) and φ2v = 0, then from the above equation (29) we
can get back to the Sawayama [52] result as
rD = 2M(v) + e
−v/2M(v). (33)
IV. DYNAMICAL HORIZON EQUATION AND
HAWKING RADIATION
From (16), we can construct the Ricci scalar (R¯) and
the Ricci tensors (R¯µν) of theK-essence emergent Vaidya
spacetime as
R¯vv =
1
r
∂vF − F
2
∂2rF −
F
r
∂rF :
R¯rv = R¯vr =
1
2
∂2rF +
1
r
∂rF : R¯rr = 0 ;
R¯θθ = F + r∂rF − 1 ; R¯ΦΦ = sin2θR¯θθ ;
R¯ = −[∂2rF +
4
r
∂rF +
2
r2
(F − 1)] (34)
Using these values of the Ricci scalar and the Ricci ten-
sors (34), we can construct the components of the energy
momentum tensor for the K-essence emergent Vaidya
spacetime through the “emergent” Einstein’s equation
R¯µν− 12 G¯µνR¯ = 8πT¯µν , taking the gravitational constant
G = 1, as
8πT¯vv =
1
r
∂vF +
1
r
F∂rF +
F
r2
(F − 1), (35)
8πT¯vr = −[ 1
r
∂rF +
1
r2
(F − 1)], (36)
8πT¯rr = 0, (37)
8πT¯θθ = −[r
2
2
∂2rF + r∂rF ] ; 8πT¯ΦΦ = sin
2θT¯θθ.(38)
Now, for the Schwarzschild background case, the
components of the energy-momentum tensors for the
spherically symmetricK-essence emergent Schwarzschild
Vaidya spacetime (22) are
8πT¯vv = − 2
r2
[∂vm+ F∂rm]
= −
[
2φvφvv
r
+
φ2v
r2
(1− 2M
r
− φ2v)
]
(39)
8πT¯vr =
2
r2
∂rm =
φ2v
r2
or 8πT¯vr∗ =
2a
r2
∂rm = a
φ2v
r2
(40)
8πT¯rr = 8πT¯r∗r∗ = 0 (41)
Following Sawayama [52], we can derive the energy-
momentum tensor T¯tˆl for the integration of the dynamical
horizon equation exactly stated in [46, 47, 52] as
1
2G
(R2 −R1) =
∫
∆H
Tabτˆ
aξb(R)d
3V
+
1
16πG
∫
∆H
NR[|σ|2 + 2|ζ|2]d3V (42)
where R2, R1 are the radii of the dynamical horizon, Tab
is the stress-energy tensor, |σ|2 = σabσab, |ζ|2 = ζaζa, σab
is the shear, ζa = q˜abrˆc∇clb, with the two-dimensional
metric q˜ab, and ξa(R) = NRl
a with NR = |∂R|, where R is
5the radius of the dynamical horizon. This is the dynami-
cal horizon equation that tells us how the horizon radius
changes due to the matter flow, shear, and expansion. In
the spherically symmetric case, the second term of the
right-hand side of the dynamical equation vanishes.
At first, we can write T¯tl in terms of T¯vv and T¯vr∗ as
T¯tl = T¯vv − T¯vr∗ = − 1
4πr2
5
2
∂vm
= −( 1
4πr2
)
5
2
rφvφvv (43)
Considering tˆa being the unit vector in the direction of
ta, then we have
T¯tˆl = −
1
4πr2
5
2
(∂vm)F
−1 (44)
with F is defined in (23). At the horizon, the expression
of T¯tˆl is T¯tˆl
∣∣∣
r=rD
= 1
4pir2
D
5rD
4 (∂vN)F
−1 where we have
used m ≡ m(v, r) =M + r2 (1 −N).
To evaluate, the dynamical horizon integration (42) in
terms of the Wright ω function, at first, we derive some
terms as follows: Using equation (30), we get
drD
dv
=
[
− 2M
N2
(
1 + ω(Z)
)
+
2M
N
ω(Z)
1 + ω(Z)
×
( 1
N
− Nv
M
)]
∂vN − N ω(Z)
1 + ω(Z)
. (45)
At the horizon, we obtain, from the above equation (45)
∂vN =
N ω(Z)
1 + ω(Z)
[
− 2M
N2
(
1 + ω(Z)
)
+
2M
N
ω(Z)
1 + ω(Z)
( 1
N
− Nv
M
)]−1
(46)
and from (30)
drD
dN
=
( N
∂vN
) ω(Z)
1 + ω(Z)
. (47)
Now, re-write the equation (23) in terms of Write ω func-
tion as
F =
N ω(Z)
1 + ω(Z)
(48)
and from the equation (24)
∂vm = −
(rD
2
)
∂vN. (49)
Changing the order of integration rD to N in dynam-
ical horizon integration (42), we have
1
2
[
2M
N
(1 + ω(Z))
]∣∣∣∣∣
N2
N1
=
5
4
∫ N2
N1
2M
N
(1 + ω(Z))dN
(50)
since in the above calculation, the functions ∂vN and
F−1 with fixed rD are used only in the integration.
Now, using the equations (44) to (49) and inserting the
above equation (50) in the equation (42) and taking the
limit N2 → N1 = N , we have
−M
N2
(
1 + ω(Z)
)
+
M
N
ω(Z)
(1 + ω(Z))
( 1
N
− Nv
M
)
−5
2
M
N
(
1 + ω(Z)
)
= 0 (51)
which is the dynamical horizon equation for the
spherically symmetric K-essence emergent Schwarzschild
Vaidya spacetime. This dynamical horizon equation in
the presence of the kinetic energy of the K-essence scalar
field is far different from the usual Vaidya dynamical
horizon equation [52].
Now we discuss about the Hawking radiation [1–10].
To solve this problem, we consider two ideas, which are
(1) to use the dynamical horizon equation (42), and (2)
to use the K-essence Schwarzschild Vaidya metric (22)
using tunneling mechanism [20–26, 28, 29].
(1) Using the dynamical horizon equation: Consider-
ing the result of Candelas [54], for the matter on the
dynamical horizon, which assumes that spacetime is al-
most static and is valid near the horizon [52], from (22),
r ∼ 2m(≡ 2MN )
T¯tl =
−1
2π2(1− 2mr )
∫ ∞
0
w3dw
e8pimw − 1
=
−1
2m4π2c(1− 2mr )
(52)
with c = 15 × 84 = 61440, where we have used the
following value of the integration
∫∞
0
w3dw
ebw−1 =
pi4
15b4 .
The matter energy of the equation (52) is negative near
r ∼ 2m, which means that in the dynamical horizon
equation, the K-essence Schwarzschild Vaidya black hole
absorbs negative energy i.e., the black hole radius de-
creases. Note that, the K-essence Schwarzschild Vaidya
mass m(≡ M1−φ2
v
), at near the horizon, is greater than the
Schwarzschild mass as φ2v < 1. Also, the dynamic behav-
ior of the mass function m(v, r) is carried by the kinetic
energy (φ2v) of the K-essence scalar field which is defined
by the equation (24). Here we use the dynamical hori-
zon equation, since we need only information about the
matter near the horizon, without solving the full Einstein
equation with the backreaction. Now following [52], we
can get
T¯tˆl =
1
2m4π2c(1− 2mr )
. (53)
Again, by changing the order of integration of the right
hand side from rD to N of the dynamical horizon equa-
tion (42)
6∫ r2
r1
4πr2DT¯tˆldrD
= b
∫ N2
N1
[2M
N
(1 + ω(Z))
]2 (1 + ω(Z))
(Nω(Z))
×
[
M +
M
N
(1 + ω(Z))(1 −N)
]−4(drD
dN
)
dN
= b
∫ N2
N1
[2M
N
(1 + ω(Z))
]2
×
[
M +
M
N
(1 + ω(Z))(1 −N)
]−4( 1
∂vN
)
dN (54)
where b = 2pic is a constant. Since in our case, the
time dependence of the K-essence Schwarzschild Vaidya
metric is carrying φ2v i.e., N(= 1−φ2v). Now insert this in-
tegration (54) into the dynamical horizon equation (42),
we obtain
1
2
[2M
N
(
1 + ω(Z)
)]∣∣∣∣∣
N2
N1
= b
∫ N2
N1
[2M
N
(
1 + ω(Z)
)]2
×
[
M +
M
N
(
1 + ω(Z)
)
(1−N)
]−4( 1
∂vN
)
dN
+
5
4
∫ N2
N1
2M
N
(
1 + ω(Z)
)
dN (55)
Now taking the limit N2 → N1 = N and ω(Z) 6= 0,
the dynamical horizon equation becomes
M2
[
1 +
(
1− 1
N
)(
1 + ω(Z)
)]4
=
4b(1 + ω(Z))3
N3ω(Z)
[
1
2
− 5(1 + ω(Z))
4
×
(
− 1 + ω(Z)
N
+
ω(Z)
1 + ω(Z)
( 1
N
− Nv
M
))−1]−1
(56)
Here we are using the fact that N 6= 0 and M 6= 0.
In this section, our main objective is to find the behav-
ior of the mass of the black hole m(v, r) with v for fixed
M as in [52]. To conclude this, we have calculated the
equation (56) to find N(= 1 − φ2v) as a function of z
but this equation (56) is a transcendental equation and it
cannot solve analytically or numerically since it includes
the wright omega function and higher degrees of N . So
that this equation (56) fails to find the behavior of the
mass of the black hole m(v, r) (for fixed M) through the
relation m(v, r) = M + r2 (1−N) at the horizon.
(2) Using the tunneling formalism: To calculate the
Hawking temperature using tunnelling formalism [20–
26, 28, 29, 42–44], consider a massless particle in a black
hole (22) background is described by the Klein-Gordon
equation
~
2
(−G¯)−1/2 ∂µ (G¯µν (−G¯)1/2 ∂νΨ) (57)
where Ψ can be taken in the form
Ψ = exp
(
i
~
S + ...
)
(58)
to obtain the leading order in ~ the Hamilton-Jacobi
equation is
G¯µν∂µS∂νS = 0 (59)
considering S is independent of θ and Φ. Therefore, we
have,
2∂vS∂rS +
(
1− 2M
r
− φ2v
)(
∂rS
)2
= 0 (60)
Now, let us choose the action S in the following form [29]
S(v, r) = −
∫ v
0
E(v′)dv′ + S0(v, r) (61)
so that
∂vS = −E(v) + ∂vS0;
and ∂rS = ∂rS0 (62)
Since S0 is dependent on v and r, so we can write,
dS0
dr
= ∂rS0 +
dv
dr
∂vS0
= ∂rS0 +
2
F
∂vS0 (63)
where we have used dvdr =
2
F , F is defined in equation
(23). Now applying the equations (62) and (63) in equa-
tion (60), we get
F
dS0
dr
= 2E(v) (64)
since ∂rS0 6= 0. Therefore, we can obtain the solution of
S0 as
S0 = 2E(v)
∫
dr
F
≡ 2E(v)
∫
dr
(1− 2Mr − φ2v)
=
2E(v)
N
∫
r dr
r − 2M/N = 2πi
4ME(v)
N2
(65)
with N = 1−φ2v. Here, we have used the Cauchy-integral
formula since in the integral, r is analytic inside and on
any simple closed contour C which is taken in the positive
sense and 2MN is a point interior to C. Therefore, (61)
become,
S(v, r) = −
∫ v
0
E(v′)dv′ + 2πi
4ME(v)
N2
(66)
7So the wave function for the outgoing (and ingoing)
massless particle can be read as
Ψout(v, r) = exp
[ i
~
(
−
∫ v
0
E(v′)dv′ + πi
4ME(v)
N2
)]
(67)
Ψin(v, r) = exp
[ i
~
(
−
∫ v
0
E(v′)dv′ − πi4ME(v)
N2
)]
.(68)
The tuneling rate for the outgoing particle is
Γ ∼ e−2ImS ∼ e−2 4piME(v)N2 = e−
E(v)
KBT (69)
where KB is Boltzman Constant. Therefore, the Hawk-
ing temperature is
TH =
1
8πKB
N2
M
=
1
8πKB
(1− φ2v)2
M
(70)
If we consider φ2v = 0 and m(v, r) = M(v), then we can
get back the usual Hawking temperature for the Vaidya
spacetime [30].
V. CONCLUSION
Based on Sawayama’s [52] modified definition of the
dynamical horizon, we have investigated the Hawking
radiation in the K-essence emergent Vaidya spacetime.
Manna et. al. [18] have established the connection be-
tween theK-essence geometry and the Vaidya spacetime,
and hence generated the new spacetime namely “the K-
essence emergent Vaidya spacetime”. We evaluate the
dynamical horizon equation (51) for the spherically sym-
metric K-essence emergent Schwarzschild Vaidya space-
time which is different from the Sawayama’s result i.e.
the usual Vaidya dynamical horizon equation. From the
study of the Hawking radiation using the dynamical hori-
zon equation, we have the transcendental equation (56)
which is different from the Sawayama’s [52] transcenden-
tal equation (38). From this transcendental equation we
see that, in the presence of the Wright omega function
[55], we can not solve this equation analytically or nu-
merically. So that this equation (56) fails to find the
behavior of the mass of the black hole m(v, r) (for fixed
M) through the relation m(v, r) = M + r2 (1 − N) at
the horizon. So, in this case, we can not say the behav-
ior of the mass of the K-essence emergent Schwarzschild
Vaidya black hole. On the other hand, we also evalu-
ate the Hawking temperature for theK-essence emergent
Schwarzschild Vaidya metric (22) using tunneling mech-
anism. The Hawking temperature is TH =
1
8piKB
(1−φ2
v
)2
M ,
which is different from the usual Vaidya case.
[1] S. Hawking, “Particle creation by black holes”, Commun.
Math. Phys. 43, 199 (1975).
[2] S. Hawking, “Gravitational Radiation from Colliding
Black Holes”, Phys. Rev. Lett., 26, 1344 (1971)
[3] L. Smarr, “Mass Formula for Kerr Black Holes”, Phys.
Rev. Lett. 30, 71 (1973)
[4] J. Bardeen, B. Carter and S. Hawking, “The four laws
of black hole mechanics”, Commun. Math. Phys. 31, 161
(1973)
[5] S. Hawking, “Black hole explosions?”, Nature (London)
248, 30 (1974).
[6] J. Bekenstein, “Black Holes and Entropy”, Phys. Rev.
D7, 2333 (1973)
[7] J. Bekenstein, “Generalized second law of thermodynam-
ics in black-hole physics”, Phys. Rev. D9, 3292 (1974)
[8] G. Gibbons and S. Hawking, “Cosmological event hori-
zons, thermodynamics, and particle creation”, Phys. Rev.
D15, 2738 (1977)
[9] W. M. Unruh, Experimental black hole evaporation, Phys.
Rev. Lett. 46, pp. 13511353 (1981).
[10] S.W. Hawking, G.T. Horowitz and S.F. Ross, “Entropy,
area, and black hole pairs, Phys. Rev. D51, 4302 (1995)
[11] P.C.Vaidya, “Nonstatic Solutions of Einstein’s Field
Equations for Spheres of Fluids Radiating Energy”, Phys.
Rev., 83 1, (1951)
[12] P.C.Vaidya and I.M.Pandya, “Gravitational Field of a
Radiating Spheroid”, Prog. of Theo. Phys., 35 1, (1966)
[13] P.C.Vaidya, “Nonstatic Analogs of Schwarzschild’s Inte-
rior Solution in General Relativity”, Phys. Rev., 174 5,
(1968)
[14] P.C.Vaidya, “The gravitational field of a radiating star”,
Gen. Rel. Grav., 31 1, (1999).
[15] P.C.Vaidya, “An analytical solution for gravitational col-
lapse with radiation”, APJ, 144 3, (1966)
[16] Viqar Husain, “Exact solutions for null fluid collapse”,
Phys. Rev. D 53 4, (1996)
[17] Anzhong Wang and Yumei Wu, “Generalized Vaidya So-
lutions”, Gen. Rel. Grav., 31 1, (1999).
[18] Goutam Manna et. al. “K-essence Emergent Spacetime
as Generalized Vaidya Geometry”, Phys. Rev. D 101,
124034, (2020)
[19] G. Manna, “Gravitational Collapse for the K-essence
Emergent Vaidya Spacetime”, [arXiv:gr-qc/1911.11753 ]
[20] Maulik K. Parikh and Frank Wilczek, ”Hawking Radia-
tion As Tunneling“, Phys.Rev.Lett.85, 5042 (2000)
[21] P.Mitra, Phys. Lett. B648, 240 (2007) [arXiv:hep-
th/0611265]
[22] Bhramar Chatterjee, A.Ghosh and P.Mitra, Phys.Lett.
B661, 307 (2008) [arXiv:0704.1746]
[23] Bhramar Chatterjee and P.Mitra, Phys.Lett. B675, 640
(2008) [arXiv:0902.0230]
[24] P.Mitra, Black Hole Entropy, [arXiv: 0902.2055].
[25] K. Srinivasan and T. Padmanabhan, “Particle production
and complex path analysis”, Phys. Rev. D60, 024007,
8(1999)
[26] S Shankaranarayanan, T Padmanabhan and K Srini-
vasan, “Hawking radiation in different coordinate set-
tings: complex paths approach”, Class. Quantum Grav.
19, 2671, (2002)
[27] R.Kerner and R.B.Mann, ”Tunnelling, temperature, and
Taub-NUT black holes“, Phys. Rev. D73, 104010 (2006).
[28] Yuhji Kuroda, “Vaidya Spacetime as an Evaporating
Black Hole”, Prog. of Theo. Phys., 71, 1422, (1984)
[29] Haryanto M. Siahaan and Triyanta, “Semiclassical meth-
ods for Hawking radiation from a Vaidya black hole”, Int.
Journal of Mod. Phys. A25, 1, 145, (2010)
[30] Hao Tang et. al., “Entropy of Vaidya Black Hole on Ap-
parent Horizon with Minimal Length Revisited”, Int J
Theo. Phys, [DOI:10.1007/s10773-018-3739-x], (2018).
[31] Shi Wanglin et. al., “Temperature of the horizons of
Vaidya-Bonner-de Sitter space-time”, Nucl. Phys. B
(Proc. Suppl.), 166, 270, (2007)
[32] M.Visser,C.Barcelo and S.Liberati, “Analogue Models of
and for Gravity”, Gen. Rel. Grav. 34 1719 (2002)
[33] E.Babichev, V.Mukhanov and A.Vikman, “Escaping
from the black hole?”, JHEP 0609 (2006) 061
[34] E.Babichev,M.Mukhanov and A.Vikman, “k-Essence,
superluminal propagation, causality and emergent geom-
etry”, JHEP 0802 101 (2008)
[35] Alexander Vikman, K-essence: Cosmology, causality
and Emergent Geometry, Dissertation an der Fakultat
fur Physik,Arnold Sommerfeld Center for Theoretical
Physics, der Ludwig-Maximilians-Universitat Munchen,
Munchen, den 29.08.2007.
[36] E.Babichev, M.Mukhanov and A.Vikman, “Looking be-
yond the Horizon”, WSPC-Proceedings, October 23,
2008
[37] R.J. Scherrer, “Purely Kinetic k-Essence as Unified Dark
Matter”, Phys. Rev. Lett.93 011301 (2004)
[38] L.P.Chimento, “Extended tachyon field, Chaplygin gas,
and solvable k-essence cosmologies”, Phys. Rev.D69
123517 (2004)
[39] M.Born and L.Infeld, “Foundations of the new field the-
ory”, Proc. Roy. Soc. Lond A 144(1934) 425
[40] W.Heisenberg, “Zur Theorie der explosionsartigen
Schauer in der kosmischen Strahlung”, Zeitschrift fur
Physik, 113, 61, (1939)
[41] P.A.M.Dirac, “An Extensible Model of the Electron”,
Royal Soc. of London Proc. Series A 268 (1962) 57.
[42] D.Gangopadhyay and Goutam Manna, “The Hawking
temperature in the context of dark energy”, Euro. Phys.
Lett. 100 49001 (2012).
[43] Goutam Manna and Debashis Gangopadhyay, “The
Hawking temperature in the context of dark energy for
Reissner-Nordstrom and Kerr background”, Eur. Phys.
J. C 74 2811 (2014).
[44] Goutam Manna and Bivash Majumder, “The Hawk-
ing temperature in the context of dark energy for Kerr-
Newman and Kerr-Newman-AdS backgrounds”, Eur.
Phys. J. C 79, 553, (2019).
[45] G. Manna et. al., “Thermodynamics for the k-essence
emergent Reissner-Nordstrom-de Sitter spacetime”, Eur.
Phys. J. Plus 135, 107, (2020)
[46] Abhay Ashtekar and Badri Krishnan, Dynamical Hori-
zons: Energy, Angular Momentum, Fluxes, and Balance
Laws, Phys. Rev. Lett., 89, 26, (2002).
[47] Abhay Ashtekar and Badri Krishnan, Dynamical hori-
zons and their properties, Phys. Rev. D 68, 104030,
(2003).
[48] Abhay Ashtekar and Gregory J. Galloway, Some unique-
ness results for dynamical horizons, Adv. Theor. Math.
Phys. 9, 130, (2005).
[49] Abhay Ashtekar and Badri Krishnan, Isolated and Dy-
namical Horizons and Their Applications, Liv. Rev. Rel.,
(2004)
[50] Sean A. Hayward, General laws of black-hole dynamics,
Phys. Rev. D 49, 6467, (1994)
[51] Badri Krishnan, Quasi-local black hole horizons,
arXiv:1303.4635, (2013).
[52] Shintaro Sawayama, Evaporating dynamical horizon with
the Hawking effect in Vaidya spacetime, Phys. Rev. D
73, 064024, (2006).
[53] Hawking, S. W ., and Ellis, G. F. R. (1973) The
Large Scale Structure of Spacetime, Cambridge Univer-
sity Press, Cambridge
[54] P. Candelas, “Vacuum polarization in Schwarzschild
spacetime”, Phys. Rev. D21, 8, 2185, (1980)
[55] Corless, R. M. and Jeffrey, D. J., “The Wright ω Func-
tion”, Artificial Intelligence, Automated Reasoning, and
Symbolic Computation. AISC 2002, Calculemus 2002.
Lecture Notes in Computer Science, vol 2385. Springer,
Berlin, Heidelberg [DOI:10.1007/3 − 540− 45470− 5 10]
[56] Corless, R. M. et. al., “On the Lambert W function”, Adv.
in Comput. Math. 5, 329-359, (1996)
[57] Corless, R. M. and Jeffrey, D. J., “The Unwinding
Number”, Sigsam Bulletin 30, 2, 28-35, (1996) [DOI:
10.1145/235699.235705].
